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A PARAMETRIC EELORATION OF AXIAL-FZOW TUFBINES 

FOR “ECYCUC SPACE POWERPLANTS 

I N  THE MEGAWATT RA.NGE 

by John L. =ann and Paul T I  Kerwin 

Lewis Research Center 

A parametric a n d y s i s  has been conducted to determine t h e  in t e rac t ions  of 
s eve ra l  design var iab les  i n  obtaining m a x i m u m  tu rb ine  efficiency. Alkali-metal 
vapor, axial-flow turb ines  were inves t iga ted  within a framework of severa l  
generalizing assumptions. Efficiency reductions due t o  t h e  presence of mois­
ture have not been included. Trends r a t h e r  than magnitude were emphasized. 

Turbine taper ing  (Le., changing t h e  r a t i o  of last- to f i r s t - s t a g e  blade 
mean-section diameter) w a s  an e f f e c t i v e  means for a t t a i n i n g  maximum ove ra l l  
s t a t i c  e f f ic iency  with a minimum number of stages. The turb ine  t a p e r  r a t i o s  
f o r  maximum e f f ic iency  so lu t ions  decreased with increasing working f l u i d  molec­
ular weights. A t  an in le t  temperature of 2500’ R, these  so lu t ions  were char­
ac te r ized  by 1 2  s tages  for sodium with a t a p e r  r a t i o  of a t  least 1.5, 7 s tages  
f o r  potassium with a t a p e r  r a t i o  of roughly 1.3, 5 s tages  f o r  rubidium with a 
t a p e r  r a t i o  of 0.985 (near ly  constant mean diameter), and 3 s tages  f o r  cesium 
with a t ape r  r a t i o  of 0.95 (nearly constant t i p  diameter). 

Changes i n  tu rb ine  t a p e r  r a t i o  and/or changes i n  s t a t o r  e x i t  angles were 
shown to be a poss ib le  means f o r  providing wide margins of s e l ec t ion  i n  design 
r o t a t i o n a l  speed, while s t i l l  maintaining a high l e v e l  of efficiency. The ad­
vant.ages of t u rb ine  taper ing  i n  reducing t h e  number of s tages  required f o r  
nearly m a x i m u m  e f f ic iency  w e r e  shown to decrease with decreasing i n l e t  tempera­
ture. The obtainable maximum e f f ic iency  decreased with decreasing r a t i o s  of 
o u t l e t  to i n l e t  temperature, Hence, s e l ec t ion  of a low r a t i o  of o u t l e t  to 
i n l e t  temperature may penalize tu rb ine  and system performance. 

Over a generator power output l e v e l  from 1t o  10 megawatts, it w a s  found 
t h a t  t u rb ine  diameter and r o t a t i o n a l  speed could be sca led  d i r e c t l y  within an 
e r r o r  of 52 percent, independent of any prescribed tu rb ine  t a p e r  r a t i o  and 
number of stages. Two working f l u i d  s t a t e s  w e r e  investigated. Ramifications 
of t h e  choice of d i sk  t a p e r  r a t i o  l i m i t ,  l a s t - s t age  hub-to-tip radius r a t i o ,  
blade-root stress cor rec t ion  f ac to r ,  and small changes i n  assumed stress l e v e l  
were explored. 



IN'IBODUCTION 

!Eirboelectric propulsion i s  current ly  being considered f o r  fu tu re  space 
missions, I n  this type of system, nuclear energy is converted t o  mechanical 
energy i n  a high-temperature Rankine cycle using an a l k a l i  metal as t h e  working 
f luid.  The turb ine  i n  this cycle dr ives  an a l t e rna to r ,  which produces t h e  
e l e c t r i c a l  energy that i s  used f o r  propulsion. One requirement of such sys­
tems i s  low s p e c i f i c  powerplant weight. 

Although the turb ine  i s  comparatively l i g h t  (see ref. l), i t s  performance 
has a d i r e c t  e f f e c t  on t h e  s i z e  of t h e  r ad ia to r  and, therefore ,  on t h e  weight 
of t h e  system. The gross  e f f e c t s  of tu rb ine  in le t  temperature and eff ic iency 
on required r a d i a t o r  a rea  a r e  shown i n  reference 2. For example, a 200' in­
crease i n  i n l e t  temperature reduces r ad ia to r  area by about 30 percent, while a 
10-percent decrease i n  e f f ic iency  increases  t h e  required r ad ia to r  a rea  by about 
15 percent. This reference a l s o  contains an estimate of t h e  number of s tages  
required t o  achieve high eff ic iency with a s t age  speed-work parameter of 0.5 
f o r  working f l u i d s  of rubidium, potassium, and sodium. Reference 3 presents a 
more de ta i led  look a t  turb ine  cha rac t e r i s t i c s  a t  t h e  1-megawatt power level.  
B e  eff ic iency cor re la t ion  of  reference 4 i s  used to show t h e  minimum number 
of s tages  required to obtain a l e v e l  of at  l e a s t  0.8 i n  aerodynamic efficiency.
It i s  a l so  shown i n  reference 3 t h a t  t h e  use of increasing r a t h e r  than constant 
blade mean-section diameters from t h e  f i r s t  to t h e  las t  s tage  r e s u l t s  i n  fewer 
required stages. 

The purpose of t h i s  inves t iga t ion  w a s  to take a more de t a i l ed  look a t  the  
turb ine  as one of t h e  Rankine cycle system components. I n  general, t h e  turb ine  
designer may s e l e c t  among many geometric parameters to bes t  f i t  t h e  thermo­
dynamic requirements f o r  each p a r t i c u l a r  application. On t h e  other  hand, t h e  
systems engineer must specify t h e  thermodynamic cons t ra in ts  to bes t  f i t  t h e  
ove ra l l  powerplant requirements. Both of these  problems have been inves t i ­
gatedj  emphasis w a s  placed on obtaining nearly m a x i m u m  turb ine  eff ic iency and 
a parametric exploration of t h e  t rade-of fs  i n  turb ine  design, which may be 
ava i lab le  i n  t h e  cycle-selection .process, Although t h e  analysis  i s  not in­
tended as a design procedure, it is  general  enough to demonstrate design 
trends. 

I n  t h e  analysis ,  aerodynamic eff ic iency has been re ta ined  as a dependent 
variable. The cor re la t ion  of reference 4 has been employed, and the  e f f ec t s  
of moisture on e f f ic iency  has been neglected. Efficiency reductions due to t h e  
presence of moisture are recognized, but adequate data are not ava i lab le  to 
predic t  t h e i r  magnitude. It w a s  assumed t h a t  t h e  lo s ses  due t o  moisture w i l l  
not be changed much by t h e  var ia t ions  inves t iga ted  and t h a t  t rends  i n  "aero­
dynamic" eff ic iency will r e f l e c t  t h e  trends i n  overall efficiency. 

An IBM 7094 computer w a s  employed to determine t h e  e f f e c t s  of geometry, 
i n l e t  temperature, temperature r a t io ,  s t r e s s  l eve l ,  power leve l ,  and t h e  work­
ing f l u i d  on axial-flow turbines. 
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METHOD OF ANALYSIS 

A sketch of t h e  turb ine  model i s  
shown i n  f igu re  1. Conceptually, it i s  
a conventional mult is tage turb ine j  t h e  
blades of each wheel are at tached to 
square r i m s ,  with t h e  d isks  shaped f o r  
constant stress. One of t h e  main geo­
met r ica l  var ia t ions  w a s  stage-to-stage 
blade mean-section diameter. Symbols are 
defined i n  appendix A, while d e t a i l s  of 

Figure 1. -Analytical turbine model. t h e  a n a l y t i c a l  technique a r e  presented i n  
appendix B. I n  order  to ca lcu la te  t he  

required turb ine  work and weight flow, t h e  ove ra l l  tu rb ine  and generator effi­
ciencies  were assumed t o  be 0.8 and 0.9, respectively.  Eff ic iency reductions 
due t o  moisture w e r e  not evaluated, but  t h e  assumption of an ove ra l l  tu rb ine  
e f f ic iency  of 0.8 w a s  an attempt to account f o r  these  los ies .  

For t h e  purposes of this inves t iga t ion ,  a set  of reference values has been 
chosen and is presented i n  t a b l e  I. Each of t hese  parameters i s  discussed to 
bring some of t h e  general iz ing assumptions t o  t h e  reader 's  a t ten t ion .  

Working Flu id  

Arb i t r a r i l y ,  potassium has been employed as t h e  bas i s  f o r  exploring var ia­
t i o n s  i n  t h e  o ther  tu rb ine  parameters; however, t h e  e f f e c t s  of cesium, rubid­
ium, and sodium on turb ine  performance cha rac t e r i s t i c s  have a l s o  been inves t i -

TABLF I. - FEZWmCE VALUES AND RANGES OF TURBINE 

PARAMETERS INVESTIGATED 
~ 

Parameter Reference Other values 
value investigated 

-~ 

Working f lu id  Potassium :esium, rubidium, 
and sodium 

I n l e t  temperature, T i ,  OR 2500 2400 and 2300 
Turbine taper  r a t io ,  Q ,n /h , i  1-0 0.0 t o  1.5 
Temperature r a t io ,  T,/T~ 1.772 t o  0.778 0.65 t o  0.05 
Allowable s t r e s s ,  Cia, percent 
of rupture  s t r e s s  

50 40 and 60 

I n l e t  qua l i ty ,  X i  1.0 
Last-stage hub-to-tip radius  

r a t io ,  ( d r t ) n  0.7 0.6 t o  0.8 

S t a t o r  e x i t  angle, a, deg 70 60 t o  80 
Disk t ape r  r a t i o  l i m i t ,  2.5 2.0 t o  3.0 

Mean blade aspect  r a t i o
(Ya/td)max 

2.0 

Blade-root s t r e s s  correction 0.7 1.0 
fac tor ,  Jr 

Power leve l ,  P, Mw 1 2, 5, and 10 
Fluid  state l'Frozen'l "Equilibrium" 

gated. 

I n l e t  Temperature 

A n  i n l e t  tempera­
t u r e  of 2500' R has 
been assumed to be a 
reasonable temperature, 
which Rankine cycle 
technology may a t ta in .  
The e f f e c t s  of reducing 
t h e  in le t  temperature 
t o  2400° and 2300' R 
w e r e  investigated. 

Turbine Taper Ratio 

The turb ine  t a p e r  
r a t i o ,  defined as the  
r a t i o  of t h e  last- to 
f i r s t - s t a g e  blade mean-
sec t ion  diameter 
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Dmtn/Q,l, has been adopted as one of t h e  primary variables.  Overall tu rb ine  
geometry w a s  determined by sa t i s fy ing  t h e  cont inui ty  equation, specifying 
(1)a f ixed  axial blade chord, ( 2 )  t h e  l a s t - s t age  hub-to-tip radius  r a t i o  
(q/rt),, and (3) t h e  turb ine  t ape r  r a t i o ,  and allowing t h e  intermediate-stage 
diameters to vary l i n e a r l y  between t h e  f irst- and l a s t - s t a g e  diameters. Tur­
bine performance w i l l  be compared to t h e  reference t ape r  r a t i o  of 1 (constant 
mean diameter), The range of t h i s  var iab le  included unusual t u rb ine  geom­
e t r i e s ,  t h e  last-stage mean diameter being as s m a l l  as 0.8 t h a t  of t h e  first 
s tage,  and somewhat more conventional var ia t ions ,  t h e  l a s t - s t a g e  mean diameter 
being as much as 1.5 t h a t  of t h e  first stage-

Turbine Temperature Ratio 

The reference values of tu rb ine  tempepature r a t i o  were those t h a t  yielded 
minimum s p e c i f i c  r a d i a t o r  area ( s q  ft/kw) f o r  t h e  working f l u i d s  and an assumed 
condensing r a d i a t o r  ( see  appendix B and ref. 3). This parameter i s  a measure 
of t h e  turb ine  s p e c i f i c  work. It i s  important during t h e  cycle-select ion pro­
cess because t rade-of fs  between t h e  s i z e  and weight of t h e  r a d i a t o r  and t h e  
remainder of t h e  system are heavi ly  dependent upon t h i s  ra t io .  Ef fec ts  of 
t h i s  r a t i o  on t h e  turb ine  configuration have been included, 

S t r e s s  Level 

The molybdenum-based al loy,  containing 0.45 percent t i t a n i u m  and 0.07 per­
cent zirconium ( re fe r r ed  to as TZM), has been assumed to be t h e  turb ine  mate­
rial. It is f e l t  t h a t  t h i s  mater ia l  i s  t y p i c a l  of t h e  r e f r ac to ry  a l loys  t h a t  
appear to be applicable.  For t h e  reference condition, 50 percent of t h e  rup­
t u r e  stress over a 20,000-hour l i f e  has been used f o r  allowable stresses, 
Ef fec t s  of small var i a t ions  (40 to 60 percent of rupture)  were included i n  t h i s  
study to i nd ica t e  t h e  s e n s i t i v i t y  of t h e  r e s u l t s  t o  t h e  assumed stress. 

I n l e t  Qual i ty  

Saturated vapor w a s  assumed at  t h e  turb ine  in l e t .  Reference 2 has shown 
t h a t  superheating t h i s  flow daes not appear a t t r a c t i v e  because l a r g e  amounts 
a r e  required t o  subs t an t i a l ly  reduce moisture content while cycle e f f ic iency  
is  reduced. 

Last-Stage Hub-to-Tip Radius Ratio 

A value of 0.7 has been assumed f o r  t h e  reference condition. This w a s  
f e l t  t o  be a reasonable value on t h e  basis of ex i s t ing  gas turb ine  technology; 
however, va r i a t ions  from 0.6 t o  0.8 were also included. 

S t a t o r  E x i t  Angle 

An angle of 70' has been shown to be a reasonable value for good e f f i ­
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ciency ( r e f .  4) and w a s  used f o r  most of t h e  calculat ions.  This value w a s  as­
signed to t h e  blade mean-section radius of t h e  first and las t  stages.  
Intermediate-stage s t a t o r  e x i t  angles were determined from t h e  a x i a l  ve loc i ty  
component, which s a t i s f i e d  continuity,  and t h e  t angen t i a l  component, which 
s a t i s f i e d  a requirement of having a constant stage speed-work parameter. V a r i ­
a t ions  i n  t h e  assigned first- and last-stage values from 60° to 80° have been 
included i n  the  analysis.  

Disk Taper Ratio 

A d isk  t ape r  r a t i o  of 2.5 i s  used here as a reference value. I n  general, 
t h i s  r a t i o  should be as l a rge  as possible  without causing s tage spacing prob­
l e m s  near t h e  axis of rotat ion.  L i m i t s  on t h i s  r a t i o  from 2.0 to 3.0 were 
investigated.  Each wheel w a s  conservatively assumed to a t t a i n  t h e  t o t a l  t e m ­
perature  of t h e  vapor enter ing t h a t  stage. Each d isk  w a s  then allowed to 
assume t h e  value of d i sk  t ape r  r a t i o  prescribed by t h e  aliowable stress and 
ro t a t iona l  speed. Hence, a l l  disks  were f u l l y  s t r e s sed  and of m i n i m u m  s i z e .  

Mean Blade Aspect Ratio 

A s ing le  v d u e  of '2.0 has been used. I n  an attempt to describe reason­
able  turbine geometries, a f ixed  axial blade chord w a s  determined f o r  each 
turb ine  calculation. The procedure w a s  such t h a t  t h e  individual  s tage  aspect 
r a t i o  varied below 2 .0  i n  t h e  f r o n t  s tages  and above 2.0 i n  t h e  las t  s tages  
(see appendix B f o r  more d e t a i l s ) .  

Blade-Root S t r e s s  Correction Factor 

A value of 0.70 has been used f o r  the reference condition. Linear va r i ­
* 	 a t ion  of t he  blade cross-sect ional  area from hub to t i p  has been assumed. 

Conceptually, t h e  a i r f o i l  thickness r a the r  than t h e  rectangular planform w a s  
assumed t o  vary. A s t r e s s  correct ion f a c t o r  of 1has a l s o  been investigated.  

Power Level 

An output of 1megawatt with an assumed generator eff ic iency of 0.9 has 
been used f o r  t h e  reference value. Overall system power l eve l s  up to 10 mega­
w a t t s  were a l so  considered. 

Fluid S t a t e  

For ease of analysis ,  t h e  vapor f l u i d  state has been assumed to be 
"frozen" (as used i n  ref. 5 with varying vapor molecular weight) for t he  r e f ­
erence condition. Frozen proper t ies  are calculated i n  reference 5 as t h e  sum 
of t h e  contr ibut ions from t h e  monatomic and diatomic molecules present at  a 
given pressure and temperature. Not included is  t h e  energy required to alter 
t h e  degree of equilibrium as a r e s u l t  of dissociat ion.  Reference 5 also cal­

5 

I 




c 

c 

24 

'0 

07 

c 

c 

v1 
IF 
s; 

Ual
.­.-U 
c 
a, 
.-U 
c
B vr 


x 
i 

a,


4 - 4

E" 
e 
'g 
L 


P 
m 

i? 

a,
m 
c 
vr 


Ee 

z­

-0­

%-
m0
.­c 
m 160 

E 

12 

12 

.-L 1 
: : e  
m 

E' 
E O  1 

1 

Turbine taper ratio, Dm, &Dm, 

(a) Static efficiency, stage speedwork parameter, rotational speed, and 
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Figure 2. -Turb ine characteristics as functions of turb ine taper ratio. 
(See table I for reference conditions. 1 

Turbine tapering. - Turbine c h a r a c t e r i s t i c s  are shown i n  f i g u r e  2 (a )  

c u l a t e s  "equilibrium" values 
of vapor s p e c i f i c  hea t  and 
speed of sound, which include 
t h i s  energy. 

The degree of d i ssoc ia­
t i o n  occurring i n  t h e  tu rb ine  
expansion process i s  not known. 
I n  general ,  it i s  f e l t  t h a t  t h e  
desc r ip t ive  f l u i d  state w i l l  be 
somewhere between t h e  "frozen" 
and "equilibrium" states. 
Hence, f o r  comparison, tu rb ine  
c h a r a c t e r i s t i c s  using t h e  equi­
l ib r ium f l u i d  state a r e  a l s o  
presented ( s e e  appendix B).  

RESULTS AND DISCUSSION 

The r e s u l t s  of t h i s  para­
met r ic  ana lys i s  are presented 
i n  two sections,  namely, Geo­
metric Variations and Thermo­
dynamic Variations. It must be 
emphasized t h a t  t h e  magnitudes 
shown i n  t h e  r e s u l t s  a r e  de­
pendent upon several general­
i z i n g  assumptions. The t rends  
and r e l a t i v e  changes w i l l  be 
s t r e s s e d  i n  t h e  discussion. 

Geometric Variations 

Ef fec t s  of t hese  param­
e t e r s  on turb ine  charac te r i s ­
t i c s  were inves t iga ted  assum­
ing  potassium as t h e  working 
f l u i d  at  an i n l e t  temperature 
of 2500' R. Saturated vapor 
a t  t h e  i n l e t  and t h e  "frozen" 
f l u i d  state were assumed. The 
tu rb ine  temperature r a t i o  w a s  
set  a t  0.772 ( s e e  appendix B ) ,  
while t h e  generator output w a s  
assumed t o  be 1megawatt. (See 
t a b l e  I, p. 3, f o r  a complete 
l i s t  of reference conditions.)  

as 
a f u n x o ' n  'of ' turbine t a p e r  r a t i o  &,n/%,l. Overall s t a t i c  efficiency, those 
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Figure 2. - Concluded. Turbine characteristics as functions of turbine 
taper ratio. (See table I for reference conditions.) 

values of s tage  speed-work 
parameter t h a t  s a t i s f y  t h e  
turb ine  spec i f i c  work require­
ment, ro t a t iona l  speed, and 
l a s t - s t a g e  mean diameter, a r e  
presented f o r  3- t o  14-stage 
solut ions.  Variations of t h e  
l a s t - s t a g e  rotor e x i t  Mach 
number as calculated a t  t h e  
blade mean-section diameter, 
t h e  m a x i m u m  rotor t i p  speed, 
and t h e  f i r s t - s t a g e  blade 
height are superimposed on t h e  
results. 

I n  general, f o r  any f ixed  
number of s tages ,  eff ic iency,  
s tage  speed-work parameter, 
and r o t a t i o n a l  speed i n i t i a l l y  
increased as t h e  f i r s t - s t a g e  
blade mean-section diameter 
w a s  decreased with respect  to 
t h e  l a s t - s t a g e  blade mean-
sec t ion  diameter. For t he  
three- ,  four-,  and f ive-s tage 
solut ions,  m a x i m u m  values of 
effici-ency and s tage  speed-
work parameter were obtained 
a t  values of t h e  turb ine  t ape r  

r a t i o  above 1.3. Variations i n  l a s t - s t age  mean diameter, f o r  a f ixed  number'of 
s tages ,  were s m a l l  over t h e  range i n  turb ine  t ape r  r a t i o  from 0.8 t o  1.5. 
Below turb ine  t ape r  r a t i o s  of 1.3, t he  f i r s t - s t a g e  disks of a l l  solut ions were 
s t r e s s  l imited.  Increasing the  taper  r a t i o  above 1.3, f o r  t h e  three-, four-,  
and f ive-s tage solut ions moved the  stress l i m i t  continuously i n  t h e  turb ine  
model, e i t h e r  t o  t h e  blades or t o  the  l a t e r - s t age  disks. Increased tapering 
f o r  a f ixed  number of stages was accompanied by increasing ro to r  t i p  speeds, 
f i r s t - s t a g e  blade heights ,  and rotor exi t  Mach numbers. The la t te r  e f f ec t  w a s  
s m a l l  except a t  l a rge  values of tu rb ine  taper  r a t i o s  (above 1.3). 

Figure 2(b)  summarizes t h e  e f f ec t s  of turbine taper ing by comparing t h e  
peak eff ic iency solut ions (or t h e  m a x i m u m  f o r  n > 5, namely, those f o r  
A = 1.0) t o  corresponding constant-mean-diameter solut ions as a funct ion of t h e  
number of stages. Rotational speed i s  divided by t h e  n-stage constant-mean­
diameter ro t a t iona l  speed N k  Improved s t a t i c  eff ic iency or a reduction i n  
t h e  number of required s tages  may be obtained by permitt ing decreases i n  the  
f i r s t - s t a g e  diameter with respect  t o  t h e  last stage. For t h e  present condi­
t ions ,  t h e  l a r g e s t  improvement i n  e f f ic iency  w a s  0.06 f o r  t h e  f ive-s tage  solu­
t i o n s  with t h e  f i f t h - s t age  mean diameter 1 . 4  t h a t  of t h e  first stage.  The 
corresponding ro t a t iona l  speed w a s  1.735 t h a t  of t h e  constant-mean-diameter 
speed. Furthermore, it may be seen t h a t  i f ,  say, 99 percent of t he  m a x i m u m  
e f f ic iency  (0.870) were a design goal, then 11stages would be required f o r  a 
constant-mean-diameter so lu t ion  as compared t o  s i x  s tages  with tapering. 
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Figure 3. - Constant-blade-mean-section-diameter turbine characteristics as 
functions of stator exit angle. (See table I for reference conditions. 1 

The cross-hatched areas  
i n  f i g u r e  2 (b )  show a region 
of design va r i a t ion  i n  ro t a ­
t i o n a l  speed and taper ing  
ava i l ab le  within one point of 
peak.efficiency. It can be 
seen t h a t  t h e  combined 
e f f e c t s  of taper ing  of t h e  
tu rb ine  flow passage and add­
ing  s tages  might be employed 
t o  a f fo rd  good ef f ic iency  
over a wide range of design 
r o t a t i o n a l  speeds. For ex­
ample, i f  a s t a t i c  e f f ic iency  
of 0.80 were acceptable, 
f i v e  s tages  f o r  t h e  constant­
mean-diameter so lu t ions  would 
be required; then i f  taper ing  
were permissible, r o t a t i o n a l  
speed a t  t h e  design point 
could be se l ec t ed  anywhere 
within 1 .0  and 1.74 of t h e  
constant-mean-diameter speed. 
Of course, increasing or de­
creasing the  number of s tages  
would permit a s t i l l  wider 
range i n  t h e  choice of ro ta ­
t i o n a l  speed. 

S t a t o r  e x i t  angle. - The 
e f f e c t  of s t a t o r  exi t  angle 
on t h e  constant-mean- diamet er  
turb ine  c h a r a c t e r i s t i c s  i s  
shown i n  f i g u r e  3(a).  Values 
of t h e  s t a t o r  angle t h a t  re­
s u l t e d  i n  m a x i m u m  s t a t i c  ef­
f i c i ency  were a func t ion  of 
t h e  number of s tages  and were 
characterized by decreasing 
angle with increasing number 
of stages.  For any f ixed  
number of stages,  increasing 
t h e  assigned s t a t o r  exi t  
angles r e su l t ed  i n  decreasing 
r o t a t i o n a l  speed, stage 
speed-work parameter, and 

l a s t - s t a g e  rotor Mach number, while t h e  f i r s t - s tage-b lade  height increased. 

Figure 3 (b )  s m a r i z e s  t h e  e f f e c t s  shown i n  f i g u r e  3 ( a ) .  I n  general, t h e  
so lu t ions  f o r  lower numbers of s tages  were more s e n s i t i v e  t o  s t a t o r  e x i t  angle; 
however, over t h e  range from 3 t o  1 2  stages,  t h e  reference value of 70' f e l l  
a t  least within 0.02 of t h e  peak stage efficiency. Although not shown, t h e  
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optimum s t a t o r  e x i t  angles were a l s o  func­
t i o n s  of t h e  turb ine  t ape r  r a t i o ,  which, 
f o r  a f ixed  number of stages increased 
with increasing t a p e r  r a t i o .  Again, t h e  
so lu t ions  f o r  lower numbers of s tages  were 
more s e n s i t i v e  t o  t h i s  e f fec t .  

Looking a t  t h i s  parameter i n  another 
l i g h t ,  it can be seen t h a t ,  roughly, a 
+ 5 O  change i n  s t a t o r  exi t  angle about t h e  
optimum value can permit a +lo percent 
change i n  design r o t a t i o n a l  speed with 
l i t t l e  penalty i n  efficiency. 

Disk taper.  - Effec t s  of varying t h e  
d i sk  t a p e r  r a t i o  l i m i t  from t h e  reference 
value are presented i n  f i g u r e  4, f o r  
constant-mean-diameter solutions.  For 
any f ixed  number of stages,  increasing 
t h e  d i sk  t a p e r  r a t i o  l i m i t  r e su l t ed  i n  
increased e f f ic iency  and design r o t a t i o n a l  
speed. 

Again, i f  99 percent of t h e  maximum 
s t a t i c  e f f ic iency  (0.865) f o r  constant 
mean-diameter tu rb ines  were set as a goal, 
then f o r  t he  reference d i sk  t a p e r  r a t i o  

of 2.5, nine s tages  would be re­
quired. Disk t a p e r  r a t i o  l i m i t s  
of 3.0 and 2.0 then would r e s u l t  
i n  a one-stage reduction and a 
four-stage increase  i n  t h e  number 
of required stages,  respectively.  

Last-stage hub-to-tip radiusi!
I r a t i o .  - The e f f e c t s  of t h i s-

parameter on constant-mean­
diameter tu rb ine  c h a r a c t e r i s t i c s  
are presented i n  f i g u r e  5. For 
any f ixed  number of stages,  de­
creasing t h e  l a s t - s t a g e  radius 
r a t i o  r e su l t ed  i n  increased e f ­
f i c i ency  and r o t a t i o n a l  speed. 

If 99 percent of obtainable 
e f f ic iency  (0.867) w e r e  pre­
scribed, then t h e  reference last-
s tage  rad ius  r a t i o  of 0 . 7  would 
requi re  10 stages,  while a radius 
r a t i o  of 0 . 8  would r equ i r e  

Figure 4. -Effect of disk taper rat io l imi t  on constant-blade-mean-section- 1 4  s tages  and a rad ius  r a t i o  of 
diameter turb ine characteristics. (See table I for reference conditions. 1 0.6 would requi re  8 stages. 
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Figure 5. - Effect of last-stage hub-to-tip radius ratio 
on constant-blade-mean-section -diameter turb ine 
characteristics. (See table I for reference condi­
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. , .correctionBlade-root stress ., . . ... - I. 
factor. - The effect of not varying 

the blade cross-sectional area 

($  = 1.0)is compared to the refer­

ence condition of $ = 0.7 in fig­

ure 6. As would be-expected, only 

those solutions that were near or at Number of stages, n 

a stress limit in the blades were Figure 6. -Effect of blade-root stress correction factor on turb ine 

affected, namely, only the highly characteristics. (See table I fo r  reference conditions. 1 

tapered, low-number-of-stagesolu­

tions (n < 7). For these solutions with $ = 1.0,the stress limitation 

shifted from the disks to the blades at lower values of the turbine taper 

ratio. Hence, allowing the rotor blade cross-sectional areas to vary may per­

mit increased design rotational speed and s m a l l  increases (not more than 0.02) 

in aerodynamic efficiency for small-number-of-stageturbine designs. 


Stress level. - The effect of s m a l l  changes in allowable stress on turbine 
characteristics is summarized in figure 7. Variations for 40, 50 (the refer­
ence level), and 60 percent of the rupture stress are shown. The constant­
mean-diameter solutions for any number of stages exhibited small changes in 
design rotational speed (roughly f5 percent) and efficiency (within 50.02) with 
the f10 percent change in allowable stress. 
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Fiaure 8. -Effect of Inlet temDerature on turb ine char-

The peak n-stage e f f ic iency  so lu t ions  acteristics. (See table I for  reference conditions.) 

were characterized by nonuniform va r i a t ions  

i n  r o t a t i o n a l  speed with stress level f o r  n < 7. The crossover among t h e  

t h r e e  r o t a t i o n a l  speed curves w a s  due t o  t h e  combined e f f e c t  of t h e  varying 

degrees of taper ing  required f o r  peak e f f i c i ency  and t h e  nonoptimum values of 

s t a t o r  e x i t  angles. Except f o r  t h e  apparent s m a l l  improvements i n  obtainable 

ef f ic iency  f o r  t h e  three- ,  four-,  and f ive-s tage  so lu t ions ,  t h e  s m a l l  changes 

i n  allowable stress d i d  not a f f e c t  t h e  e f f ic iency  obtainable with tu rb ine  

tapering. The stress changes did,  however, al ter t h e  amount of taper ing  re­

quired t o  obtain peak efficiency. 


Thermodynamic Variations 

Ef fec t s  of t hese  parameters on tu rb ine  c h a r a c t e r i s t i c s  w e r e  inves t iga ted  
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(a) Static efficiency, stage, speed-work param­
eter, and rotational speed. 

Figure 9. - Constant-blade-mean-section­
diameter turbine characteristics as functions 
of turbine temperature ratio. (See table I 
for reference conditions. ) 

with t h e  reference values (see t a b l e  I )  of t h e  
geometrical r e s t r a i n t s  discussed previously. 

I n l e t  temperature. - Charac te r i s t i c s  of 
t h e  turb ine  so lu t ions  over t h e  range i n  i n l e t  
temperature from 2500' t o  2300' R are summa­
r i z e d  i n  f i g u r e  8. Comparison of t h e  effi­
ciency va r i a t ions  shows t h a t ,  f o r  a f ixed  num­
b e r  of stages,  t h e  improvement from constant­
mean-diameter so lu t ions  t o  tapered tu rb ine  de­
s igns  decreased with decreasing temperature. 
The degree of taper ing  (except f o r  n < 5) and 
r e l a t i v e  change i n  r o t a t i o n a l  speed required 
t o  achieve peak ef f ic iency ,  however, decreased 
with decreasing i n l e t  temperature. Again, t h e  
low-number-of-stage so lu t ions  exh ib i t  l e s s  
uniform va r i a t ions  because of t h e i r  g r e a t e r  
s e n s i t i v i t y  t o  t h e  assigned s t a t o r  exi t  angle. 

Variations i n  m a x i m u m  r o t o r  t i p  speed a r e  
included i n  t h i s  f i g u r e  t o  g ive  an ind ica t ion  
of t h e  r e l a t i v e  increases due t o  tapering. 
Over t h i s  range i n  i n l e t  temperature, t he re  
appears t o  be a narrow band of t i p  speeds t h a t  
i s  a function of t h e  number of t u rb ine  stages,  
which, i f  a t t a ined  by a design, w i l l  poten­
t i a l l y  y i e i d  nearly peak efficiency. 

A 0.01 decrease occurred i n  t h e  maximum 
e f f ic iency  obtained between i n l e t  temperatures 
of 2500' and 2300' R. This w a s  l a rge ly  due t o  
a corresponding decrease i n  Reynolds number; 
however, t h e  r e l a t i v e  e f f e c t  of i n l e t  tempera­
t u r e  may be compared by again s e t t i n g  an arbi­
t r a r y  goal of 99 percent of t h e  m a x i m u m  e f f i ­
ciency a t  each temperature. Then, a t  2500°, 
2400°, and 2300' R, t h e  reduction i n  t h e  number 
of required s tages  from t h e  constant-mean­
diameter t o  tapered so lu t ions  w a s  four,  three,  
and two, respectively.  Hence, t u rb ine  taper ing  
w a s  more e f f e c t i v e  i n  reducing t h e  number of 
stages required f o r  nearly peak ef f ic iency  as 
i n l e t  temperature increased. 

Turbine temperature r a t i o .  - Effec t s  of 
t h i s  var iab le  on tu rb ine  c h a r a c t e r i s t i c s  are 
shown i n  f i g u r e  9 ( a )  f o r  constant-mean-diameter 
solutions.  Increasing tu rb ine  temperature 

r a t i o  from 0.65 t o  0.85 corresponds t o  decreasing t h e  s p e c i f i c  work by 60 per­
cent and increasing t h e  exit qua l i t y  by 14 .6  percent and required weight flow 
by 150 percent (see t a b l e  11, p. 22). For a f ixed  number of stages,  t h e  aero­
dynamic e f f ic iency  ( i . e . ,  s t a t i c )  increased with increasing temperature r a t i o .  

1 2  
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.9 	 Since t h e  e f f ic iency  reduc­
t i o n  due t o  moisture could be

Y) 

IC expected t o  decrease as t u r ­
.-
5 .8 bine  temperature r a t i o  ism 

.-	U increased, overa l l  tu rb inec 
m 
.--u - 7  ef f ic iency  would increase 
m c faster than indicated i n  
v) 

.6 f i g u r e  9( a) .  

24x10! For a f ixed  number of
I 	 stages, increasing t h e  t u r ­

bine temperature r a t i o  a l so  
increased t h e  stage speed-
work parameter and the  f irst-
s tage  blade height,  while t h e  
r o t a t i o n a l  speed increased, 
reached a maximum, and then 
decreased. (Although not 
shown, the  mean diameter of 
t h e  so lu t ions  minimized where 
n w a s  maximized. ) The tem­

4 6 8 10 12 14 16 18 20 perature  r a t i o  a t  which t h e  
Number of stages, n r o t a t i o n a l  speed maximized 

(b) Cross plot of efficiency and rotational speed trends. w a s  a funct ion of t h e  number 

Figure 9. - Concluded. Constant-blade-mean-section-diameter turbine charac-
of s tages  and increased as 

teristics as functions of turbine temperature ratio. (See table I for reference t h e  number of s tages  de­
conditions. ) creased. 

Changes i n  e f f ic iency  and r o t a t i o n a l  speed are compared i n  the  cross p lo t  
f i g u r e  9(b). The obtainable  maximum s t a t i c  e f f ic iency  (neglect ing moisture 
e f f e c t s )  decreased with decreasing turb ine  temperature r a t i o .  Also, consider­
ably more s tages  were required t o  obtain a given l e v e l  of e f f ic iency  as turb ine  
temperature r a t i o  w a s  decreased; however, tu rb ine  taper ing could be employed 
t o  reduce the  number of required stages.  

Se lec t ion  of low turb ine  temperature r a t i o s  may penal ize  t h e  system w i t h  
reduced turb ine  performance and t h e  complexity of many turb ine  s tages .  

Power leve l .  - Since a change i n  generator power l e v e l  is  r e f l ec t ed  i n  t h e-
tu rb ine  by a l i n e a r  change i n  weight flow, it i s  reasonable to expect t h a t  t u r ­
bine diameter and r o t a t i o n a l  speed should sca l e  with a change i n  power leve l .  
That is, f o r  any given turb ine  t a p e r  r a t i o  and number of stages, t h e  diameters 
should vary d i r e c t l y  as t h e  square root  of t h e  power l eve l ,  while t he  ro ta ­
t i o n a l  speed should vary inversely as t h e  square root  of t h e  power leve l .  

Turbine so lu t ions  were obtained over t h e  range i n  generator power l e v e l  
from 1t o  10 megawatts a t  t h e  reference conditions of t a b l e  I. Within a 
+2 percent va r i a t ion  and independent of number of s tages  and turb ine  t a p e r  
r a t i o ,  t he  r e s u l t s  cor re la ted  with the  scal ing procedure. Thus, f o r  example, 
i f  a turb ine  design f o r  a 1megawatt generator output prescribed a l a s t - s t age  
mean diameter of 1f o o t  and a r o t a t i o n a l  speed of 20,000 rpm, then t h e  s i m i l a r  
tu rb ine  configuration a t  10 megawatts of generator output would have a diameter 
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Figure 10. -Characteristics of cesium tur­
bines. (See table I for reference conditions.) 

of 3.16 feet  (f0.06),while t h e  ro­
t a t i o n a l  speed would be 6320 rpm 
(5126). 


Working f l u i d .  - Effec t s  of 
t a p e r  r a t i o  on tu rb ine  charac te r i s ­
t i c s  when cesium, rubidium, and so­
dium are used as working f l u i d s  are 
shown i n  f igu res  10 t o  1 2 ,  respec­
t ive ly .  

fllsec 

. 7  .8  . 9  1.0 1.1 1.2 1.3 
Turbine taper ratio, Dm, ,,/Dm, 

Figure 11. -Characteristics of rubidium turbines. (See table I 

for reference conditions.) 
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The cesium solutions were 

characterized by the fewest 

number of stage solutions and 

very limited flexibility with 

respect to design variations. 

Three stages of nearly constant 

tip diameter (G,n/h,l
= 0.95) 
represented the highest obtain­
able efficiency with a reason­
able turbine shape. This maxi­
mum efficiency solution was 
also characterized by a fairly 
reasonable first-stage blade 
height (about 0.6 in. ) and the 
lowest level of rotor tip speed 
(about 640 ft/sec maximum) 

among the peak efficiency solu­

tions of the four working 

fluids. 


The rubidium solutions 
(fig. 11)were characterized by 
a few more number-of-stage 
solutions and a little more de­
sign flexibility than those for 
cesium. The constant-tip- and 
constant-mean-diameter solu­
tions for any number of stages 
were near peak efficiency. 
Either six constant-tip­
diameter stages or five nearly 
constant-mean-diameter stages 
( %,n/%,l = 0.985)afforded 
maximum efficiency. 


The sodium solutio.is 
(fig. 12) were characterized 
by four to twenty or more 
stages with large regions of 
design control with taper 
ratio. Up to the maximum taper 
ratio investigated (1.5), only 
the four- and five-stage solu­
tions were approaching the 
shift in stress limitation from 
the first-stagedisk. It may 
also be noted that the maximum 
efficiency level is 0.85 in 
figure 12. In general, it is 
felt that, if more stages 
and/or larger turbine taper 
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Figure 13. -Comparison of f lu id  state assumptions on 
turb ine characteristics. (See table I for reference 
conditions. ) 

: r a t io s  were inves t iga ted ,  'the obtainable 
s t a t i c  e f f i c i ency  l e v e l  would approach 
those  obtained with t h e  o ther  working 
f l u i d s  (approximately 0.88). 

I n  general ,  t h e  number of s tages  re­
quired f o r  peak e f f i c i ency  decreased with 
increasing molecular weight of t h e  working 
f l u i d  (i.e. ,  from sodium to potassium to 
rubidium t o  cesium), while t h e  e f f ec t ive ­
ness of t h e  tu rb ine  flow passage taper ing  
i n  improving aerodynamic e f f ic iency  de­
creased. A t  a tu rb ine  i n l e t  temperature 
of 2500° R, with sodium as t h e  working 
f l u i d ,  1 2  s tages  tapered by a t  l e a s t  
50 percent would be required to a t t a i n  
m a x i m u m  e f f ic iency;  while f o r  potassium, 
7 s tages  tapered by roughly 30 percent 
would be required, and 5 and 3, untapered 
stages would be required f o r  rubidium and 
cesium, respectively.  

On t h e  o ther  hand, it may a l s o  be ad­
vantageous to have t h e  l a r g e r  degree of 
freedom i n  choice of design r o t a t i o n a l  
speed t h a t  would be ava i l ab le  by t h e  com­
bined e f f e c t  of taper ing  and s t a t o r  e x i t  
angle previously exhibited f o r  potassium 
tu rb ine  solutions.  

F lu id  state, - The e f f e c t  of t h e  
"frozen" f l u i d  s t a t e  assumption of t h i s  

ana lys i s  on Mach number l e v e l  and. .r o t a t i o n a l  speed i s  compared with an "equi­
librium" s t a t e  i n  f i g u r e  13. Both constant-mean-diameter and tapered peak-
e f f i c i ency  configurations a r e  compared. It can be seen t h a t  the  frozen assump­
t i o n  r e su l t ed  i n  lower Mach number l e v e l s  (by about 0 .1)  and higher r o t a t i o n a l  
speeds (by not more than  18 percent) as compared t o  t h e  equilibrium results.  

CONCLUSIONS 

Axial-flow, a lka l i -meta l  vapor turb ines  have been inves t iga ted  as one of 
t h e  components i n  megawatt space e l e c t r i c  powerplants. A parametric ana lys i s  
has been conducted to determine t h e  in t e rac t ions  of s eve ra l  design var iab les  
i n  obtaining maximum tu rb ine  efficiency. Efficiency reductions due to t h e  
presence of moisture were not included. The following conclusions were 
reached : 

1. Turbine taper ing  ( i . e . ,  changing t h e  r a t i o  of last- to first-stage 
blade mean-section diameter) w a s  an e f f e c t i v e  means f o r  a t t a i n i n g  maximum eff i ­
ciency with a minimum number of stages. Turbine t a p e r  r a t i o s  f o r  m a x i m u m  eff i ­
ciency decreased with increasing working f l u i d  molecular weight. A t  an i n l e t  
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temperature of 2500° R, t hese  so lu t ions  were character ized by t h e  following: 

( a )  1 2  s tages  f o r  sodium, with a t ape r  r a t i o  of a t  least 1 . 5  

( b )  7 s tages  f o r  potassium, with a t ape r  r a t i o  of roughly 1 . 3  

( c )  5 s tages  f o r  rubidium, with a t a p e r  r a t i o  of 0.985 (near ly  constant 
mean diameter) 

(d) 3 stages f o r  cesium, with a t a p e r  r a t i o  of 0.95 (near ly  constant t i p  
diameter) 

2. Turbine taper ing and/or s m a l l  var ia t ions  i n  s t a t o r  exi t  angle permit a 
wider s e l ec t ion  of design r o t a t i o n a l  speed, while s t i l l  maintaining a desired 
leve l  of eff ic iency.  

3. Advantages of tu rb ine  taper ing  i n  reducing t h e  number of s tages  re­
quired f o r  near ly  m a x i m u m  e f f ic iency  decreased with decreased i n l e t  tempera­
tu re .  

4. Se lec t ion  of a low r a t i o  of o u t l e t  t o  i n l e t  temperature may penal ize  
tu rb ine  performance. 

L e w i s  Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, August 20, 1964 

. 

17 




APPENDIX A 


A 


J 

M 

m 

N 

SYMBOLS 

annular flow area, s q  in .  

speed of sound, f t / s e c  

blade height,  in.  

vapor s p e c i f i c  hea t  a t  constant pressure, Btu/( l b )  (OR) 

axial blade chord, in.  

diameter, in.  

t u rb ine  t a p e r  r a t i o  

acce lera t ion  due to gravi ty ,  32.174 f t / s e c 2  

enthalpy, Btu/lb 

mechanical equivalent of heat,  778. 26 (ft)( l b )/Btu 

Mach number 

vapor molecular weight 

r o t a t i o n a l  speed, rpm 

N/Nk r a t i o  of r o t a t i o n a l  speed to n-stage constant-mean-diameter ro t a ­
t i o n a l  speed 

n number of s tages  

P power l e v e l ,  Mw 

R e  Reynolds number 

r radius,  i n .  

*/rt hub-to-tip rad ius  r a t i o  

S entropy, Btu/( lb)( O R )  

T temperature, 91 

td thickness of d i s k  a t  r i m ,  in .  

U wheel speed, f t / s e c  

18 



v absolute  ve loc i ty ,  f t / s e c  

W ve loc i ty  r e l a t i v e  to rotor blade, f t / s e c  

W weight flow, lb/sec 

X qua l i t y  of vapor 

Y a  thickness of d i sk  a t  axis of ro ta t ion ,  in.  

ya/td d i sk  t a p e r  r a t i o  

U s t a t o r  e x i t  angle a t  blade mean-section radius ,  measured from a x i a l  
d i rec t ion ,  deg 

? rotor angle at blade mean-section radius,  measured from axial direc­
t ion ,  deg 

Y r a t i o  of s p e c i f i c  hea ts  

n di f fe rence  

t7 e f f ic iency  

h s tage  speed-work parameter, U&/g J(Ah) 

CL vapor v i scos i ty  i n t o  turbine,  l b / (  f t )  ( sec )  

P vapor density,  lb/cu f t  

p~~ densi ty  of tu rb ine  material, 639 lb/cu f t  

0 s t r e s s ,  ps i  

4J s t r e s s  correct ion f a c t o r  f o r  tapered blades 

Subscripts:  

a allowable 

b blade 

d d i sk  

e equilibrium 

g generator 

h hub 

i i n l e t  
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II Ill I I I I  I I I I I I l l  II , 

i d  i d e a l  

j dummy var iab le  r e fe r r ing  t o  s t age  number, 1 t o  n 


k constant-blade mean-section diameter 


2 l i q u i d  


m blade mean sec t ion  


max m a x i m u m  


n last stage 


0 o u t l e t  


P peak 


S s t a t i c  


T turb ine  


t t i p  


v vapor 


X a x i a l  component 


8 t angen t i a l  component 


Superscr ipt :  

-

overa l l  
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AP"D1X B 

ANALYTICAL PROCEDURE 

The inves t iga t ion  w a s  programed f o r  computation on an IBM 7094 d i g i t a l  
machine. The working equations and the  general  approach are presented i n  t h i s  
appendix. 

Input Conditions 

Input t o  the  program included working f l u i d  propert ies ,  assigned turb ine  
requirements, and a series of constants. 

t h e  exception of vapor v iscos i ty  were obtained from reference 5. 


A l l  working f l u i d  propert ies  with 
The proper­

t ies  required f o r  t h e  turb ine  computation procedure w e r e  vapor densi ty  p, 
speed of sound a, and t h e  r a t i o  of spec i f i c  hea ts  y as , func t ions  of tempera­
t u r e  and s ing le  values of i n l e t  vapor v iscos i ty  IJ- (obtained from ref .  6 ) .  
Both "frozen'' and "equilibrium" values (as defined i n  ref .  5) of t h e  speed of 
sound and the  r a t i o  of s p e c i f i c  heats  were invest igated.  The equilibrium 
r a t i o s  of s p e c i f i c  hea ts  were calculated from t h e  propert ies  l i s t e d  i n  r e fe r ­
ence 5 as 

n 

- LP?e 
ye 	 1.9865 

cP, e me 

In terpola t ion  of a, y, and p i n  t h e  machine program w a s  done by t h e  Gregory-
Newton method (ref. 7,  p. 264) by using t h r e e  forward differences.  Because of 
t h e  l a r g e  r a t e  of change of densi ty  with temperature, t h i s  property w a s  i n t e r ­
polated logari thmical ly  by using the  Gregory-Newton method. 

The assigned turb ine  requirements w e r e  i n l e t  temperature T i ,  temperature 
r a t i o  T,/Ti, ove ra l l  spec i f i c  work x,weight flow w, and e x i t  qua l i t y  G. 
For each f l u i d  and i n l e t  temperature, those turb ine  temperature r a t i o s  t h a t  
y i e ld  minimum s p e c i f i c  r ad ia to r  a rea  ( s q  ft /kw) were determined from t h e  method 
of reference 3 (modified Rankine cycle) ,  but  using an assumed generator effi­
ciency of 0.9. I n  order  t o  ca lcu la te  t h e  required turb ine  work and weight 
flow, t h e  overa l l  tu rb ine  e f f ic iency  w a s  assumedto be 0.8. Then, t he  ove ra l l  
tu rb ine  work w a s  evaluated from 

where 

t h e  turb ine  weight flow from 
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and t h e  turb ine  e x i t  qua l i t y  from 

For reference, these  turb ine  working conditions are given i n  table 11. 

TABLE 11- - TURBINE WORKING CONDITIONS 
~. -

Inlet Work- Cemper- h e r a l l  Outlet Spec i f ic  Inlet 
;emper- i n g  a tu re  turbine iuuality, weight viscosi ty ,  
tture, f l u i d  work, XO flow, P J  

Ti,  2? 4 r J  Lb/( sec)  (Mw) Lb/(ft) (sec)  
OR Btu/lb 

2500 	 Sodium 0.772 302 0.854 3.49 1.53>(10-5 
Potassium .776 150 -877 7.02 1.70 
Rubidium .77a 60.0 .889 17.5 2.03 
C e s i u m  .778 36.0 .896 29.3 2.16 

2500 Potassium 0.65 245.5 0.801 4.29 1.70XLO'5 
.70 207.0 -831 5.08 
.75 169.4 .861 6.21 
.80 132.9 .e91 7.92 
-85 9%.2 * 919 10.71 

2400 Potassium 0.775 152 0.872 6.92 1.5Oxl0-~ 
2300 Potassium -775 154 -869 6.83 1.47XL.O-5 

Other per t inent  input quant i t ies  included the  assumed turbine material 
density PTZM, allowable s t r e s s e s  a,, blade mean-section s t a t o r  e x i t  angle a, 
l a s t - s t age  hub-to-tip radius  r a t i o  ( rh/rt)n, tu rb ine  t ape r  r a t i o  %,n/h,l,
and d isk  t ape r  r a t i o  l i m i t  (ya/ta)max. Arb i t r a r i l y ,  a molybdenum-based a l loy  
containing 0.45 percent t i tanium and 0.07 percent zirconium (TZM) has been 
assumed as t h e  d i sk  and blade material. Allowable stresses were determined 
from t h e  data of reference 8 by extrapolating rupture  stress on a Larson-Miller 
p l o t  t o  20,000 hours. I n  general, 50 percent of these extrapolated rupture 
s t r e s s e s  were used as t h e  allowable stress. These were G a  = 9.8X104 pounds 
per  square inch a t  1600° R and O a  = 9.9X103 pounds per  square inch a t  2700' R 
with an assumed l i n e a r  var ia t ion  of t h e  logarithm t o  t h e  base 10 of t h e  
s t r e s ses  between these  temperatures. 

Work-Speed Balance 

The first port ion of t h e  calculat ion is  t o  determine a l l  combinations of 
n, A, and N i n  t h e  range 0 .2  ,< A ,< 1.0 and 2 5 n ,< 20 t h a t  s a t i s f y  t h e  
ove ra l l  turbine work requirement within t h e  assumed allowable s t resses .  A 
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so lu t ion  to a problem i s  i n i t i a t e d  by s e t t i n g  h = 0.2 and n = 2. An i t e r a ­
t i v e  procedure i s  then employed to f i n d  t h e  compatible values of t h e  a x i a l  
components of ve loc i ty  i n t o  t h e  first- and l a s t - s t a g e  rotors ( V x z i , l  and 
Vx, iYn ,  see f ig .  14  f o r  ve loc i ty  diagram nomenclature) and r o t a t i o n a l  speed 
f o r  t h e  minimum value of t h e  s tage  speed-work parameter. 

I n i t i a l l y ,  a r b i t r a r y  values are assigned to 
V x , i , l  and VX,i,n, and t h e  temperature and qua l i ty  
of t h e  working f l u i d  i n t o  t h e  las t  s tage  are estimated. 
Then, from t h e  geometry, t h e  absolute ve loc i ty  i n t o  
t h e  first and las t  s tage  at  t h e  mean radius i s  given by 

Then, i n  order to correc t  to s t a t i c  flow conditions, 
t h e  Mach numbers and t h e  density Pa t ios  (assuming 

Figure 14. - Velocity diagram nomen-
per fec t  gas r e l a t i o n s )  a r e  evaluated from 

clature. 
"i 
a 

where a i s  t h e  speed of sound corresponding t o  t h e  t o t a l  temperature T i  
en te r ing  t h e  stage i n  question, and 

= (1 +I$M y 1  

The annular flow area required t o  pass only t h e  vapor i s  ca lcu la ted  from 

144Xiw
A =  


Pi'x, i 

Since (rh/rt)n i s  spec i f i ed  as input t o  t h e  problem, t h e  l a s t - s t a g e  r a d i i  
follow from 

rm,n -- rt , n  	+ rh,n 
2 J 
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1111 111.11 I 

The f i r s t - s t a g e  radii follow from t h e  prescr ibed t a p e r  r a t i o  h , n / h , l  and 

Intermediate-stage radii a r e  ca lcu la ted  proport ionately between t h e  first- and 
l a s t - s t age  radii. I n  order  t o  determine t h e  radi i  of t h e  disks at  the  r ims ,  a 
mean a x i a l  chord i s  determined from 

c =  ‘1 + ‘n 
2 

where 

en = rt , m  	- rh,n - bn 
2 2 

with t h e  arbitrary r e s t r i c t i o n  t h a t  c1 and en be equal to or grea te r  than 
1 / 2  inch. Then, s ince  square r i m s  were assumed (of width equal t o  e ) ,  t h e  
radii  of t h e  d isks  a t  t h e  r i m s  a r e  calculated from 

where j = 1, 2, - J n 

Angular speed i s  now determined as t h e  minimum value from among those 
calculated by assuming t h e  blades and then t h e  d isks  of each stage to be s t r e s s  
l imited.  The radial stress a t  t h e  hub of tapered blades i s  given by ( see  
ref. 9 )  

(I 

Therefore, i f  t h e  blades a r e  stress l imi ted ,  
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Conservatively, it w a s  assumed t h a t  t h e  s teady-state  temperature of !the wheels 
w a s  uniform and equal to t h e  temperature of t h e  vapor enter ing t h e  stage. 
Hence, a, i s  evaluated f o r  each s tage  a t  Ti!j. The s t r e s s  l e v e l  f o r  a 
constant-s t ress  d i sk  with no temperature gradient  i s  evaluated from (see 
ref .  9) 

Therefore, i f  a d i sk  i s  stress l imited,  it a t t a i n s  t h e  d isk  t ape r  r a t i o  l i m i t  
assigned to t h e  problem, and t h e  ro t a t iona l  speed i s(2)" 

fi 


The next s t ep  i n  t h e  procedure i s  t o  check t h e  r e su l t i ng  first- and last-stage 
s t a t o r  e x i t  angles a t  t h e  mean radius (5 and an) against those assigned by 
t h e  problem. The s tage  speed-work parameter i s  defined (ref. 4)  as 

(B18a)  

and may a l so  be wr i t ten  as 

(B18b) 


Since A i s  spec i f ied  and N and r m  have been calculated,  t h e  change i n  
t h e  t angen t i a l  ve loc i ty  component f o r  t h e  f i rs t  and last s tage a r e  computed 
from equation (B18b). Also, depending on t h e  current  value of A, V e , i  i s  
found from 

Then, 

t a n  a, = V e , m , i  
Vx, i 

If e i t h e r  or both t h e  f irst- and l a s t - s t age  s t a t o r  e x i t  angles do not agree 
with t h e  assigned values,  then new a x i a l  components of t h e  absolute ve loc i ty  
a r e  computed as 
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Ve ,m,i
V x , i  = t a n  a 

Before being i t e r a t e d ,  t h e  s tage  and t o t a l  tu rb ine  work are calculated 
from 

and new values a r e  computed f o r  T i y n  and X i  n. The change i n  temperature 
and qua l i ty  across a turb ine  s tage  w a s  assumed t o  be proportional t o  t he  s tage  
work. Theref ore, 

The procedure now goes back to equation (B6) and i t e r a t e s  u n t i l  t h e  cor­
r e c t  values of Vx i 1, V X , i y n ,  and n a r e  obtained f o r  t h e  assumed A = 0.2. 

Y Y 
Now i f  t h e  t o t a l  tu rb ine  work i s  g rea t e r  than t h e  required turb ine  work, a new 
value of A i s  calculated as t h e  current work divided by t h e  required work 
times t h e  previous value of A. The procedure again r eve r t s  to equation (B6) 
and iterates u n t i l  t h e  turbine work equals t h e  requirement. On t h e  o ther  hand, 
i f  t h e  current  tu rb ine  work f o r  A = 0.2 i s  l e s s  than t h e  required amount, 
then no so lu t ion  i s  possible  and the  number of s tages  i s  increased by one. The 
ca lcu la t ion  then repeats  by assuming a r b i t r a r y  values of V x , i , l  and Vx , iI 

and with t h e  new value f o r  n goes back to equation (B6) .  

Once t h e  work and speed requirements a r e  balanced as described i n  t h i s  
sect ion,  t h e  ca lcu la t ion  continues as i n  t h e  following section. After t h e  
e n t i r e  ca lcu la t ion  f o r  a p a r t i c u l a r  n i s  completed, a new calculat ion i s  
made f o r  n + 1. A problem i s  terminated e i t h e r  when A > 1.0 or n > 20. 

Efficiency Estimation 

The approach of Stewart (ref. 4) was used but  modified t o  include the  
r e l a t i v e l y  s m a l l  e f f e c t  of reheat (enthalpy l e v e l ) .  The e n t i r e  procedure i s  
included f o r  t h e  reader 's  convenience. Stage total and s t a t i c  e f f i c i enc ie s  
a r e  given, respect ively,  i n  reference 4 as 
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- - 

and 


where 


A I0.4Re-1/5 (C + 2D)
cot a 

with the Reynolds number given by 


12wRe = ­
w?J,1 

and the expressions B, C, D evaluated in table 111. 


TABLF 111. - VARIATION OF EFFIClENCY TERMS 

WITH STAGE SPEED-WORK PARAMETER 

I F i r s t  stage: 

I Other stages: 

c = 2 ( 1  - A) [(1+ 2 cot2a) (A + -Y + (A 31 
D = 2 cot2a + (1- + A2 

Overall static efficiency may be expressed as 


n 


Also, 




n-1 

now, 

and 

n=l  

j =1 

with 

o r  
n-1 

Combining equations (B29) to (B31)  and (B34) y i e l d s  t h e  ove ra l l  t u rb ine  s t a t i c  
e f f ic iency  as 

The value of t h e  s t a t i c  e x i t  temperature i s  ca lcu la ted  from t h e  i d e a l  gas 
r e l a t ion :  

-1I - -1  2 
To,s,n = Toyn(l + 7%,n) 

. 
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